Chapter 2

(RELATIONSAND FUNCTIONS)

2.1 Overview

This chapter deals with linking pair of elements from two sets and then introduce
relations between thetwo elementsinthe pair. Practically in every day of our lives, we
pair the members of two sets of numbers. For example, each hour of the day is paired
with the local temperature reading by T.V. Station's weatherman, ateacher often pairs
each set of score with the number of students receiving that score to see more clearly
how well the class has understood the lesson. Finally, we shall learn about special
relationscalled functions.

2.1.1 Cartesian products of sets

Definition : Given two non-empty sets A and B, the set of all ordered pairs (X, V),

wherex € Aandye B iscaled Cartesian product of A and B; symbolically, we write
AxB={(x,y)| xe Aandy e B}

If A ={1,2,3} andB ={4, 5}, then
AxB={(1,4),(24),(3,4),(15),(275),(3,5)}

and BxA={(41),(4,2),(473),(51),(5,2),(5,3)}

(i) Two ordered pairs are equal, if and only if the corresponding first elements are
equal and the second elementsare also equal, i.e. (x,y) = (u, V) if and only if x=
uy=\v.

@) If n(A)=pand n(B)=q,thenn(A xB)=p xqQ.

il AxAxA={(abc):a b ce A}. Here(a,b,c) iscaled an ordered triplet.

2.1.2 Relations A Relation R from a non-empty set A to a non empty set B is a
subset of the Cartesian product set A x B. The subset is derived by describing a
relationship between the first element and the second element of the ordered pairsin
A x B.

The set of al first elementsin arelation R, is called the domain of therelation R,
and the set of all second elements called images, is called the range of R.

1
For example, the set R = {(1, 2), (- 2, 3), (E’ 3)} is arelation; the domain of

1
R={1,-2, E} and therange of R ={2, 3}.
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() A relation may be represented either by the Roster form or by the set builder
form, or by an arrow diagram which is avisual representation of arelation.

(i) 1fn(A)=p,n(B)=q;thenthen(A x B) = pg and the total number of possible
relations from the set A to set B = 2.

2.1.3 Functions A relation f from a set A to a set B is said to be function if every
element of set A has one and only one image in set B.

In other words, afunction fisarelation such that no two pairsin therelation
has the same first element.

The notationf: X —Y meansthatfisafunction from X to Y. X iscalled the domain
of fandY iscdled theco-domain of f. Given an element x € X, thereisaunique element
yinY that isrelated tox. The unique eement y to whichf relates x is denoted by f (x) and
iscdled f of x, orthevalueof fat X, or the image of x under f.

The set of all valuesof f(x) taken together iscalled therange of f or image of X
under f. Symbolically.
rangeof f={ye Y| y=f(x), for somexin X}

Definition : A function which has either R or one of its subsets asitsrange, is called
area valued function. Further, if itsdomainisalso either R or asubset of R, itiscalled
areal function.

2.1.4 Some specific types of functions

(i) Identity function:

The function f: R — R defined by y =f (X) = x for each x € R is called the
identity function. Domainof f= R

Range of f =R
(i) Constant function: The functionf: R — Rdefinedbyy =1 (x) =C, xe R,
where C isaconstant € R, is aconstant function.
Domainof f= R
Range of f = {C}
(iif) Polynomial function: A real valued functionf: R — R defined by y =f (x) = a,
+ax+.+ax, wherene N, and a,a,a.a€R, for each x € R, iscalled
Polynomial functions.

f (%)

(iv) Rational function: These are the real functions of the type T , Where
g(x

f (x) and g (x) are polynomial functionsof x defined in adomain, where g(x) # 0. For
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X+1
examplef: R —{—2} —» R defined by f (x) = Y vXe R-{-2}isa

rational function.
The Modulus function: The real function f : R — R defined by f (x) = |x|=

X x= 0
-X, X< 0
v X€ R iscalled the modulus function.

Domainof f =R
Range of f=R* U {0}
Signum function: Thereal function
f: R — R defined by

| | 1 if x>0
—,X=0 _
f(X)=1 x =<0, if x=0
0x=0 |-1 if x<O
is called the signum function. Domain of f=R, Rangeof f={1,0, -1}
Greatest integer function: The real function f : R — R defined by
f(X) =[X], xeR assumesthe value of the greatest integer less than or equal to x, is
called the greatest integer function.

Thus f(X)=[x] =—1for—1<x <0
f(xX)=[x] =0 for 0<x <1
[X] =1 forl1< x< 2
[X] =2 for2< x < 3andsoon
Algebra of real functions
Addition of two real functions

Letf: X > Randg: X — R beany two real functions, where X € R.
Then we define(f+g): X > Rby (f+g) (X) =f(x) + g (x), foralxe X.
Subtraction of a real function from another

Letf: X > Randg: X — R beany two real functions, where X ¢ R.
Then, wedefine(f—g): X > R by f—g) (X) =f (X) —g (x), for dl xe X.
Multiplication by a Scalar

Let f: X — R beareal function and o be any scalar belonging to R. Then the
product of isfunction from X to R defined by (o f) (X) = o f (X), x € X.
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(iv) Multiplication of two real functions

Let f: X >R andg: x— R beany two rea functions, where X ¢ R. Then
product of these two functions i.e. f g : X — R is defined by

(fg) () =f(x) 9(¥ v xe X.
(v) Quotient of two real function
Let fand gbetwo rea functions defined from X — R. The quotient of f by g

f
denoted by E isafunction defined from X — R as

(l}(x):w , providedg () # 0, x e X.
g 9(x)

Domain of sum function f + g, difference function f — g and product
function fg.
={x:xeb n Dg}

where D, = Domain of function f
D, = Domainof functiong
f

Domain of quotient function E

={x:xeD;n D, andg(x) # 0}

2.2 Solved Examples

Short Answer Type
Examplel LetA={1, 2, 3,4} and B={5, 7, 9}. Determine
i) AxB (i BxA
@iy IsAxB=BxA? (iv) Isn(AxB)=n (B xA)?
Solution SinceA ={1, 2, 3,4} and B ={5, 7, 9}. Therefore,
(i) AxB={(15),(1,7).(1,9.(25).(27),
(2,9),(3,9),(3,7).(3,9).(4,5),(4,7), (4,9}
(i BxA={(5,1),(5,2),(5,3),(54),(7,1,(7,2),
(7,3),(7,4),(9,1),(9,2),(9,3), (9 4}

(i) No,Ax B =#B x A. Since A x B and B x A do not have exactly the same
ordered pairs.

(iv) n(AxB)=n(A)xn(B)=4x3=12
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N(BxA)=n(B)xn(A)=4x3=12

Hence n(AxB)=n(B xA)
Example 2 Find x and y if:
() (x+3,y)=(3x+5-2) (i) (x—-y,x+y)=(6,10)
Solution
(i) Since(@x+3,y)=(3x+5,-2),s0

4x+3=3x+5

or X=2

and y=—
(i) x-y=6

Example31fA ={2,4,6,9} andB ={4, 6,18, 27,54},ae A, be B, find the set of
ordered pairs such that 'a is factor of 'b' and a <b.
Solution Since A ={2,4,6,9}

B={4,6,18,27,54},
we have to find a set of ordered pairs (a, b) such that a isfactor of b and a< b.
Since 2 isafactor of 4 and 2 < 4.
S0 (2, 4) isone such ordered pair.

Similarly, (2, 6), (2, 18), (2, 54) are other such ordered pairs. Thusthe required set
of ordered pairsis

{(2,9),(2,6),(2,18),(2,54), (6,18), (6,54,), (9, 18), (9, 27), (9, 54)} .
Example 4 Find the domain and range of the relation R given by

6
R={(x,y):y= X+;;Wherex,ye N and x < 6}.

Solution Whenx=1,y=7€ N, s0 (1, 7) € R. Again for,

6
X=2.y= 2+E =2+3=5€ N,s0(2,5)€ R.Again for
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6
x=3, y=3+ 5 =3+2=5€ N, (3,5 € R. Similarly for x=4

6 6
y:4+Z ¢ Nandforx=5, y=5+—5 g N

ThusR={(1,7),(2,5), (3,5)}, whereDomain of R={1, 2, 3}
Range of R={7, 5}

Example 5 Isthefollowing relation a function? Justify your answer

() R ={(223), (%, 0),(2,7), (-4, 6)}
(i) R, ={(x |x]) | xisarea number}
Solution
Since(2,3)and (2, 7) e R,
= R (@=3 ad R (=7
So R, (2) does not have a unique image. Thus R, is not afunction.
(i) R, ={( |x])/xeR}
For every xe R therewill be uniqueimage as |x| € R.
Therefore R, is a function.
Example 6 Find the domain for which the functions
f(x)=2x*-1andg(x) =1—3x are equal.

Solution

For f(X)=g(x

= 22 -1=1-3%

= 22 +X-2=0

= 2C +4x—x—-2=0

= X(X+2)-1x+2)=0
= (2x-1) (x+2)=0

Thus domain for which the function f (x) = g(x) is {%,—2} .

Example 7 Find the domain of each of the following functions.

(i) f(x):mai) ) =[x+x
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Solution

() f isarationa function of the form % ,whereg(X) = xand h(X) = x2+ 3x+ 2.
Now h(X)#0 = + 3x+ 2# 0= (x + 1) (x + 2) # 0 and hence domain of the
given functionisR—-{-1,-2}.

i) fx)=[x]+xi.e, f=h(Xx+ g
where h X =[x adg (x) =x
Thedomain of h=R
and the domain of g = R. Therefore

Domainof f =R

Example 8 Find the range of the following functions given by

0 *—, (i) 16-x*
Solution
xX—4
0 fog= 2 o
x4 12X i

X_
Thus the range of % ={1,-1}.

(i) Thedomain of f, where f(X) = /16— x2 isgiven by [-4, 4].

For the range, lety = /16—

then Y =16 -x?
or X =16-y?
Since X € [-4,4]

Thusrange of f = [0, 4]
Example 9 Redefine the function which is given by

f(¥) = |x-A+[1+x, -2<x<2
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Solution f (X)

|x—]|+|1+x|,—2$x£2

—X+1 -1-x, —2<x<-1
=< —X+1 +x+1, =1<x<1
X=1+1+X, 1<x< 2

—2X , —2<x< -1
= 2, —1<x<1
2X,1<x < 2

) . . . 1
Example 10 Find the domain of the function f given by f (x) = 7[—

X]?—[x] -6

. . 1 . . .
Solution Given that f (X) = V[— , T isdefined if [x]?—[X —6> 0.
x]?-[x]-6

o ([X-3) (X +2) >0,

= [X] <=2 or [X] > 3
= X<-=2 or X=4
Hence Domain = (— o0, —2) U [4, ).

ObjectiveTypeQuestions
Choose the correct answer out of the four given possible answers (M.C.Q.)

1
Example 11 The domain of the function f defined by f (X) = | | is
X—|X
(A) R (B) R*
© R~ (D) None of these

Solution The correct answer is (D). Giventhat f (X =

x—x=0 if x>0

where X—|X| - {Zx if x<O
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Thus is not defined for any x € R.

1
x-|§

Hence f isnot defined for any xe R, i.e. Domain of fisnone of the given options.

1 1
Example 12 If f (X) = x® v thenf (x) + f (;) isequal to

1
(A) 2¢ (B) ZF (C) 0 (D) 1
Solution The correct choiceis C.
. 1
Since f(x) =x— F
1.1 1 1 5
f(3)=e-T%
N
1 1 1
Hence, fx)+ f|=|= X°-=+=-xX =
) (x] XX

Example 13 Let A and B be any two sets such that n(B) =p, n(A) = qthen the total
number of functionsf: A — B isequa to .

Solution Any element of setA, say x; can be connected with the element of set B in p
ways. Hence, there are exactly p functions.

Example 14 Letf and g be two functions given by
f={(24),(56),(8-1),(10,-3)}

0={(2,5),(7,1),(8,4), (10, 13), (11, — 5)} then. Domain of f + gis

Solution SinceDomainof f=D,={2, 5, 8, 10} and Domainof g=D_,={2,7, 8, 10, 11},
therefore the domainof f+g={x|xe D Dg} ={2, 8§, 10}

| 2.3 EXERCISE |

Short Answer Type
1. LetA={-1,2 3} andB ={1, 3}. Determine
(i) AxB (i) BxA
(i) BxB (iv) AxA
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10.

11.
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If P={x:x<3,xe N},Q={x:x<2,x e W}.Find (Pu Q) x (Pn Q), where
W isthe set of whole numbers.
IfFA={x:xeW,x<2} B={x:xe N,1<x<5 C={3 5} find
i) Ax(BnCQC) (i) Ax(BuUCQC)
In each of the following cases, find a and b.

a
(i) (2a+b,a—b)=(8,3) (ii) (Z ,a—2bj = (0, 6 +b)

GivenA ={1,2,3,4,5},S={(x,y) : xe A, ye A}. Find the ordered pairs
which satisfy the conditions given below:

(i) x+y=5 (i) x+y<5b (i) x+y>8
GivenR={(x,y) : x, ye W, x2 + 2 = 25}, Find the domain and Range of R.

IfR ={(X,y) |y=2x+7,wherexe Rand—5 <x< 5} isarelation. Thenfind
the domain and Range of R,.

If R,={(x y)|xandy are integers and x* + y* = 64} isarelation. Then find R,.

If R, ={(x, [X]) | xisarea number} isarelation. Then find domain and range
of R..
Isthe given relation a function? Give reasons for your answer.
(i) h={(46),(39),(-11,6), (3, 11)}
(i) f={(x,x) | xisarea number}

(i) g= {(nﬁlj In is a positive integer}

(iv) s={(n,n? | nisapositive integer}
(v) t={(x, 3) | xisarea number.
If fandg arereal functionsdefined by f (x) =% + 7 and g(x) = 3x + 5, find each

of thefollowing

1
(@ f(3+g(-9 (b) f(zj x g(14)
(© f(-2+9(1 d fO-1(=2

(e) @,ifws
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12. Letfand gberea functions defined by f (x) =2x+ 1and g (X) =4x—7.
(a) For what real numbersx, f(x) =g (x)?
(b) For what real numbersx, f(X) <g(x)?

13. If fand garetwo rea valued functionsdefined asf (X) =2x+ 1, g(X) = X2+ 1,
thenfind.

i) f+g @ f-g @iy fg (iv) %
14. Expressthefollowing functionsas set of ordered pairsand determinetheir range.
f:X>R f(X)=x*+1, whereX ={-1,0,3,9, 7}
15. Findthe values of x for which the functions
f(X)=3 -1andg (x) =3 + x are equal

LongAnswer Type

16. Isg={(1,1),(2 3),(3,5), (4, 7)} afunction? Justify. If thisis described by the
relation, g (X) = ax+ 3, then what values should be assigned to o.and p?

17. Findthedomain of each of the following functions given by

0 f(x)=ﬁ (i) f(x)=ﬁ
8
(i) () =x|x] iv) f(x) = Xx_zﬁ3
V) 109=
18. Find therangeof thefollowing functions given by
(i) f(x = 2T3x7 (i) f=1-|x-2
i) f()=|x-9 (iv) f(X)=1+3cosx

(Hint: =1 <cos2x <1=-3 < 3c0s2x <3= -2 < 1+ 3c0s2x <4)

19. Redefinethefunctionf (x) = [x-2| +|2+x|, -3 <x<3
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X-1
20. Iff(x) = o1 then show that

. 1) . 1y -1
@i f (;] =—f(x) @ f ( xj_f(x)
21. Letf(x)= fx andg (X) = x be two functions defined in the domain R* L { 0}.
Find
(i) (f+9) & (i) (f-9
(i) (f9 () (iv) [éj(X)

1
22. Find the domain and Range of the function f (x) = ——=

Jx-5"
ax—b
23. If fX)=y= ~a’ then prove that f (y) = x

ObjectiveType Questions
Choose the correct answers in Exercises from 24 to 35 (M.C.Q.)

24. Letn (A)=m, and n(B) = n. Then the total number of non-empty relations that

can be defined from Ato B is

(A) mr (B) nm—1
(€) m-1 (D) 2m—1
25. If [X]* =5[x] + 6 =0, where[ . ] denote the greatest integer function, then
(A) xe [3,4] (B) xe (2, 3]
(C) xe[2 73 (D) xe [2,4)
26. Rangeoff (X) = T 7000 is
1 1
(A) [5,1} (B) [—1 —3}

© Comnt ]3] ® |-

wlkF
Ll
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Let f(x) = 1+ , then

(A) Toy)=fX.fW) (B) fxy)2f(x) .f(y)
C) f(xy)< T (X .1(y) (D) None of these

[Hint : find f (xy) = {1422 L f () .f () = LRy +x2+y2 ]

28.

29.

30.

31.

32.

Domain of ,/az -x% (a>0)is

(A) (-a @) (B) [-a 4d

(©) [0 4 (D) (—a(q]

If f(X) =ax +b, whereaand b areintegers, f(-1) =—5and f (3) = 3, thenaand b
are equal to

(A) a=-3b=-1 (B) a=2b=-3
(C) a=0,b=2 (D) a=2b=3

1
The domain of the function f defined by f (x) = ,/4—x + \/xz_—l isequal to

(A) (- u (L4 (B) (meo -1 u (L4
() (eo-DuU[L 4 (D) (e—-DuUL4)

4-x
The domain and range of thereal function f defined by f (x) = .y isgiven by

(A) Domain=R, Range={-1, 1}

(B) Domain=R —-{1}, Range= R

(C) Domain=R —{4}, Range={-1}

(D) Doman=R-{-4}, Range={-1, 1}

The domain and range of real function f defined by f (x) = 1/x—l isgiven by
(A) Domain = (1, ), Range = (0, =)

(B) Domain =[1, «), Range = (0, )

(C) Domain=[1, ), Range = [0, <)

(D) Domain =1, ), Range = [0, <)
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_ _ _ X2 +2x+1

33. Thedomain of the function f given by f (x) = m
(A) R-{3,-2} (B) R-{-3 2}
(C) R-[3,-2] (D) R-(33,-2

34. Thedomain and range of the function f given by f (x) =2 — |x—5| is
(A) Doman=R* Range= (—eo, 1]
(B) Doman=R, Range= (—oo, 2]
(C) Domain=R, Range= (—e<°, 2)
(D) Domain=R*, Range= (-0, 2]

35. Thedomain for which the functions defined by f (x) = 32—1and g(x) = 3+ X
areequal is

4 4
@ {2 ® |3)

4 4
© (3] © {_léj

Fill intheblanks:

36. Letfand g betwo real functions given by
f={(0,1),(20),(3-4), (42,5 1}
9={(1.0),(2,2),(3,-1),(44), (5 3)}
then the domain of f . g is given by

37. Letf={(2,4),(5,6), (8 -1), (10, -3)}

9={(259).(7.1),(8,4), (10, 13), (11, 5)}
be two real functions. Then Match the following :

0 {3633
(b) f+g (i) {(2,20),(8,~4),(10,~39)}

© f.g (i) {(2,-1), (8-5),(10,-16)}
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f
@ g (iv) {(29),(8,3),(10,10)}

State True or False for the following statements given in Exercises 38to 42 :

38.
39.
40.

41.

42.

The ordered pair (5, 2) belongsto therelation R={(x,y) : y=x-5,x,y e Z}
IfP={1,2},thenPxPxP={(1,1,1),(222),(122),(21,1)}
IfA={1,23},B={3,4} andC={4,5, 6}, then (AxB) U (AxC)
={(1,3).(1,4),(1,9),(1,6).(2,3),(2.4).(2,5),(2.6),(3,3).(3,4).(3,5)., (3,6)}.

-14
If (x—2,y+5)= (_2, _;J are two equal ordered pairs, then x=4, y = =

IfAxB={(ax),(ay) (bx),(0y)} thenA ={a, b}, B ={xy}

—————p> ¢



